UNIT -1

FOURIER SERIES

PROBLEM 1:

The turning moment T 1b feet on the crankshaft of steam engine is given for a series
of values of the crank angle 0 degrees

0 30 60 90

0 120
T 0 5224 | 8097 | 7850

5499

150 180
2626 |0

Expand T in a series of sines.
Solution:

Let T =b; sin® + b, sin20 + b3 sin30 + ......... ,
Since the first and last values of T are repeated neglect last one

0 T T sind T sin20 T
sin30

0 0 0 0 0
30 5224 2612 4524.11 5224

60 8097 7012.2 7012.2 0
90 7850 7850 0 -7850

120 | 5499 | 4762.27 | -4762.27 0
150 | 2624 1313 -2274.18 2626

Total 2354947 | 4499.86 0

b; =2 [mean value of T sin0 ]

o B04T o

b, = 2 [mean value of T sin20 |

4499.86

=7[ 1= 1499.95

b; =2 [mean value of T sin20 ]
=0

~f(x)=7849.8 sind + 1499.95 sin20
PROBLEM 2:

Analyze harmonically the given below and express y in Fourier series upto the third
harmonic.



W |
w
w
w

Solution:

Since the last value of y is a repetition of the first, only the six values will be used.
The length of the interval is 2.

a0
Lety= > + (a; cosx + by sinx) + (a; cos2x + b, sin2x) + (a3 cos3x + by sin3x) + ... (1)

X y COSX sinx cos2x | sin2x | cos3x sin3x
0 1.0 1 0 1 0 1 0
o 1.4 0.5 0.866 -0.5 0.866 -1 0
3
o 1.9 -0.5 0.866 -0.5 |-0.866 1 0
3

B 1.7 -1 0 1 0 -1 0
41 1.5 -0.5 -0.866 -0.5 0.866 1 0
3

57 1.2 0.5 -0.866 - 0.5 |-0.866 -1 0
3

ap = 2 [mean value of y]

2

= 8(8.7) =29
a; = 2 [mean value of y cosx]
= %[1 (1.0)+0.5(1.4)-0.5(1.9) -1 (1.7)-0.5(1.5) + 0.5 (1.2)]
=-0.37
b; =2 [mean value of y sinx]
= %[0.866 (14+19-15-1.2)]
=0.17

a; = 2 [mean value of y cos2x]



%[1(1.o+ 1.7)=0.5(1.4+ 1.9+ 1.5+1.2)]

=-0.1
b, =2 [mean value of y sin2x]
2
= 8[0.866(1.4— 1.9+1.5-1.2)]
=-0.06
a3 = 2 [mean value of y cos3x]
2
= 8[1.0— 14+19-17+1.5-1.2]
=0.03
bs =2 [mean value of y sin3x]
=0

Hence y = 1.45 + (-0.37 cosx + 0.17 sinx) — (0.1 cos2x + 0.06 sin2x) + 0.03 cos3x.

PROBLEM 3:

Find the Fourier series expansion for the function f(x) = x sinx in 0 <x < 27 and deduce

SOLUTION:

The Fourier series is

F(x) =20+ (a, cosnx +b, SiNNX)................. (0

n=l
Given f(x) = x sinx

1 27'[
ao — .[f(x)dx
T
1 27
= — J-xsinxdx
T

1 [X (- cosx) - (1) (- sinx)],>"
7T

l (2m) =-2
T



2n
an =— jf(x) cosnxdx
T

21
= — jxsinxcosnxdx
T
0
21
= — [[xsin(l+n)x +sin(l —n)x]dx
27 0

[+ 2SinACosB = Sin(A + B) + Sin(A — B)]

27
B L[x —cos(l+n)x cos(I-n)x,  sin(l+n)x sin(l-n)x

I+n I-n (1+n?  (1-n? |

1 cos2(l+n)t  cos2(l—-n)m
= [21 ( ) + ( ) )](
2n 1+n 1-n

1 [( cost) ()(_stX)} T
0




z = B[=

X sin X sin nxdx

x[cos(1-n)x —cos(1+n)x]dx

[ 2SinASinB = Cos(A — B) — Cos(A + B)]

sin(l-n)x _ sin(l+ n)x) e

X(

cos(l-n)x

cos(l+n)x

1-n 1+n (1-n)?

(1+n)?

R D S
' (1-n)> (1+n)*> (1-n)* (1+n)

where n # 1

cos2(l-m)m  cos2(I+n)n  cos0 N cos0
(1-n)? (1+n)>  (1-n)*> (1+n)’

2n
)
0

i3

al=

al=

Ql— al~

[\] [\S] [\S] [\S]
o Oy Oy Oy Oy

1

f(x)sin xdx

X sin x sin xdx

x sin? xdx
X(1 — c§s2x)dX

J. x(1—cos2x)dx
0

21
1 sm2x x?  cos2x
—| x(x— )— ()(—— )
27 4
0
- L[znz _14_1]
2 4 4




Substitute in (1), we get

f(x)= —l—lcosx+z
2 n= 21’1

COSNX + TSIN X +....... D)+ i (2

Deduction Part:

T . . . T . . .
Put x = E[X isapoint of continuity ] [x= 5 is a point of continuity]

L P .
f(E)—f(E)—2s1n =

T .
) 5 (.smE—l)

nm
cos—+m =-1-0+

)= (2):—:—1 0+Z

nzn -1

cos—-n +1 =

——n+1 22

2n -1

T ~ nn
——=+1=2 cos 1

|
2 Z(n—1)(n+1) 2

nrw

T 1_27 os
4 2 (n D(n+1) 2

nc -mw+2

= Z—cos——
“@-ho+) 2 4

1 —-n+2
DO M=

1 1 1 n—2
(_1)[E_§ X B 1= 1 ]




Problem:4

Find the Fourier series for f(x) = |sin X| m-n<x<m
Solution:

Given f(x) = [sin x|

This is an even function. .".b, =0

n=1

a0

QAo 3o alo ajlwe

[—cosx]g

= -—E(COSR—COSO)
T

ST TR
T

f(x)cosnxdx

)
=
I

]Sinx|cos nxdx

QAo 3o Al alks

St O3 O3

sin x cos nxdx

- glj[sin(n +1)x —sin(n —1)x]dx
T2 0

- cos(n+1)x N cos(n —1)x

1 %
T n+1 n-1 0




I cos(n+1)mr cos(n—D)=w 1 1
:_[_ + + _
T n+1 n-1 n+l n-1
=l[_( )Il+1 ( 1)1’11 1 B 1
T n+1 n-—1 1+n n-—1
_LED et
n n+l n-1 n+1 n-1
_ l[(—l)n +1 3 (-D" +1]
T n+l n-1
:(—1)n+1 1 B 1
T n+l n-1
_ (—1)n+1[n—1—n—1]
T n’-1
_(—1)n+1 -2
T [nz—l]
_ _ n
:Mifnil_
(n"-Dm
27[
a = =[f(x)cosxdx
o
27[
= —ﬂSinx|cos xdx
o
Y
= zjsinxcosxdx
o
=21J-sin2xdx
T2
1 cos2x
:—[— ]0
T
1
_n[ 2 2]
Substitute in equation (1), we get
flx)== +O+z —2ACD +1]cosnx

n=2

(n -




Hence f(x) = z + iwcos nx
n=2 (1’1 - l)ﬂ:

Problem:5
Expand f(x) = ‘COS X| in a Fourier series in the interval (-m,m)
Solution:

Given f(x) = ‘cos x| .

This is an even function, b, =0

S A(x) = a70 + D8, COSIX.nirririrrieneceicneeeanee, (1)

n=1

ao = zJ’f(x)dx
L

g.ﬂcos x|dx
T

(e

/2 b

= E[J. cosxdx + j —(cosx)dx]
T o /2
/2 b1

= [jcosxdx— j cos xdx]
0 /2

[(sin x)oﬁ/2 —(sinx),./,"]

[(1-0)-(0-1)]

f(x)cosnxdx

QN0 30 aldalvalo alv

St——3a O%——3a

]cos x]cos nxdx




/2 s

T o

/2

/2
T

T T

0
/2

/2

0

sin(n +1)x

— j cos x cos nxdx + J. —(cosx)cosnxdx]

2
— j cosx cosnxdx —— j cos X cos nxdx

T

— j [cos(n +1)x + cos(n —1)x]dx — 1 j [cos(n +1)x + cos(n —1)x]dx -
n /2

_ l[sin(n +1)x N sin(n—1)x_» 1

n-1 0 _;[

T n+1

_ 1 sm(n+1)n/2+sm(n—1)7t/2]+l
T n+1 n-1 T
_ E[Sin(n+l)n/2+sin(n—l)n/Z]
T n+l n-1
3 2[sin(n/2+nﬂ:/2) sin(m/2—m/2)
n+l1

]

T n-—1

__4[ !
T n’-1

Oifnisodd[n=1]

] ifnis even

Hence

0

Z _—4COSDX

2
fix)= =
R P

T

sin(n —1)x
+ (1) [

n+1 n-1

sin(n+1)mt/2 N sin(n—1)mt/2
n+l

]

n-—1




Complex Form of a Fourier series:

Problem 6:

Find the complex form of the Fourier series of the function f(x) = e*when -t <x <=
and f(x+2mr) = f(x).

Solution:

We know that f(x)= Y C,e™ (1)

n=—oo

f(x)e ™ dx

—3a

Cn

a

e*e ™ dx

a

I
—3a

T

_ _I ((l—in)x dx

27
—T

1 [et-imx I
2r| 1-in .
1 (1=in)x
=——7F—|e
2n(1—in)[ FH
_ 1 eI _ o=(-imlly
2n(1—1n)

_ 1 _[ellginll _ g Tlginlly
2n(1—1n)

e = cosn[T+isinn[]=(-1)" +i0 = (=)
e = cosn[T—isinn[] =(-1)" =10 = (=1)"

— 1 I, \n _-II/ 1\n
—2Tc(1—in)[e (-D"—e " (-D7]

_ =" ell _e I
2n(l—in)- 2

]




_ (=D"+in)

Cn h
n(1* +n?) nhll
< (=" (1+1n)
1 f(x) = ~———Zginh
() =M= 3 S - sinhll &
e, o= s1nhH z( 1) 1+1n oimx
Problem?7:

Find the complex form of the Fourier series of f(x) = Cosax in ( -7, ) where ‘a’ is

neither zero nor an integer.
Solution:

Here2c=2norc=mn

We know that f(x)= Y C,e™

[e"™(~incosa[T+asinall)—e™ (<incosa[T-asina[])

lincosal(e™!! —e ™) +asina[I(e™! —e ™))

n=—o0
1 T
Cn - x)e —inx
ol LGV
—T
= LJ. Cosaxe ™ dx
2 —T
1 —11’1X H
= —In cosax + asinax
2n[a2 — 3 N
__
2n(a® —n?)
~ 2n(a®-n?)
= ————-[incosa[I(2isinn[]) +asina[l(2cosn]I)]
2n(a” —n")
1
Cn = ————(-D"2asinal]
2n(a’ —n?)




Hence (1) becomes

asina]] & z D" oimx

2n (@’ -n?)

Cosax =

Problem8:
Find the complex form of the Fourier series of f(x) =¢™ in-1 <x <1

Solution:

We know that f(x) = > C,e™!* (1)

n=-—oo

C. = —jf(x)e —inllx gy

N | —

e XenIxgx

(1+1nH)xd

|._,_|_._,_|_

—(1+1nH)X

2 —(1+mH)] -
oinTl _ ~(1+inlD)
2(1+inT])
e(cosn]T+isinn]T)—e ' (cosn[T-isinn[])
2(1+in[])
e(-1)" —e ' (-D"
2(1+inT])
_(e—e™H(=D" (-in]I)
B 2 1+n’IT?
( H" (l—lnH)
1+n’IT?

)| — N —

(-D"(1—=inIT)

21—[2

Hence (1) becomes ™ sinh 1e™ 11X

e 1+n




UNIT-2

FOURIER TRANSFORMS

dx Vs

1. Find the Fourier transform ofe®*  ifa > 0. Deduce that J'( ;
0

x*+a’)’  4a
Sol:

The Fourier transform of the function f (x) is F[f (x)] = 1 j f (x)e™dx.

27
17 _ai
~F[f0]  =— je el i
N2 S,
= % Te“ (cos sX + i sin sx)dx
27 =,

1 I —a‘x‘ -OC —a\x| .
=——=1 e cossxdx+|je sin sxdx
V27 {L e

1) T el }
=——121e " cossxdx+0
\/27r{ '([
1 o0
=——132|e ™ cossxdx
e
_ \EL
r(s*+a’)
. . ° 2 F 2
By Parseval’s identity “F(S)] ds :j|f(x)| dx

2 ] e
.[O| ;(sziaz) ds =”e i/ |?

2 © © —2ax \*
2a I - ! —ds =2J'e*2“dx:2 ©
n Y (s"+a’) —2a )

2

=—(0-1
L (0-)
K 1 T
d =
-([(seraz)2 > 2a’



_ P-x*; x<a
2.Show that the Fourier transform of f(x)=
0; |x>a>0

i< 2 Ermsa—saacossa] Hence deduce thatj'smt teost . _

T S
Sol:

1 7 i
The Fourier transform of the function f (x)is F| f (X)|=— | f (X)e"™dx.
[Fe0]=—— I

Given f (x) =a* —x’in—a < X < aand 0 otherwise.
Flfoo] = % @ —x*)e™x
T —a
1 ¢ .
=—— |(a® = x*)(cossx +isin sx)dx
\/27r'[1

\/2_{.[(& —X )cossxdx+|£(a —X )smsxdx}

f{zj(a —X )cossxdx+0}

{ SIHSXJ ( _ox )( COSSX) ( 2)( Sll’lSXj}

2 2acos sa 2sin sa
R

s
F(s) :2\/7{ sinsa— sacossa}

1 % i
By inverse Fourier transform f (X) = — J- F(s)e™™ds
N2 S,

>I|N




1 5. |2 (sinsa—sacossa| _;
f(x) =— 2./ e ¥ds
00 == j ,/ﬂ{ x }

2 T{sin sa—sacos sa

S3

2 | ¢ {sinsa—sacossa .7 [sinsa—sacossa] .
= I 5 cossxds —i j . sin sxds
7|, S S

}(cos SX — I sin SX)ds

—00

f(x) = 3{2[{‘“1 Sa - s3a cos Sa}cos sxds — O}
7|7y S

Putx=0&a=1, we get
lzij-{sms—fcoss}ds
T S
i J-{sms 3Scoss}ds oz
0 S 4

Replacesbyt, we get j{smt tCOSt}dt

1=|x|; if [x|<1
0;if X|21

3.Find the Fourier transform off(x):{ Hence deduce that

©/ . 4
j(ﬂtj dt =~ and j(smtj dt
AW 3 t

0

wn

ol:

1 % :
—— | f(x)e™dx.
= j (X)

The Fourier transform of the function f (X) is F[f (X)] =

Given f(x) =1 —|X| in—1< X <land 0 otherwise.



~F[f] = ﬁj (1—|x)e™dx
= ﬁ.[ - ]X| )(cos SX + i sin Sx)dx
= —{I(l X|) cos sxdx + lj(l x])smsxdx}

{2.[(1 X)cos sxdx + 0}

(1-%) sin sx . 1)[ cos ij}

Czﬂ—[o—é}}

ﬁ

E\

Il
WWW

— 1
| [w)
|

F(s)

By inverse Fourier transform f (X) =

%I@F(s)ei“ds
_L 1—cosS| _ix
e e
lj{
72- 00
T{l COSS cosSXdS—IJ-{ Ss}sinsxds}
- S

{2!{1 coss cos sxds — O}
0

}(cos SX — I sin SX)ds

foo) =

Putx =0, we get

s=0=>t=0

Leti =t,thends = 2dt
2 S=oo=>t=w



By Parseval’s identity ]8| F (S)’2 ds = T| f (X)|2 dx

“1 2 [1-coss ’ 1 2

_L ; 2 ds:ﬂ(l—lxl)‘ dx

1
{1 COSS} ds =2j(1—’X’)2dx

_I{l coss} ds— 2 dx
E {1 coss} ds
n 0
27 {1 coss ds:{x )(_3_2_);2}l
TEO

2o o
et as

2j-(1+x2 —2x)dx
0

0

s=0=>t=0

Leti =t,thends = 2dt
2 S=o=>t=w

XZ

4.Find the Fourier transform ofe* . Hence prove that e 2 is self reciprocal.

Sol:



The Fourier transform of the function f (X) is F[f (X)] =

1

o j f(x)e™dx .

J'e—azx2 eisxdX

e—(azxz—isx)dx

8 8'—;8

I e—(azxz—isx) dx

[ is ]2 s?
| ax— | +——
2a) 4a’

1
L gl

= %e% Te_(ax_zisajz dx
T -0

Putax—ﬁzy,thendx:—y
2a
X=-0=Yy=-0m
X=0=Yy=0
1 752200 ,Zdy
— e4a e)’_
N2 _‘[O a
L ewr
aV2r
2,2 1 _522
Fle™™ |=——=e *
bl
1
Puta=—, then
V2
v
Fe{iz}x _ !
L)
——A/2
- V2
Fle? =e?

XZ
. e 2 is self reciprocal with respect to Fourier transform.



n-1

5. Find Fourier sine and cosine transform of X and hence prove
.
NS A

Sol:

T aoniqe L
Weknowthatje X"dx = -
a

0

Puta =is,." J'e“sxx”‘ldx =
0

cossx —isinsx ) x"'dx =-
( )

x" cossxdx — j x"'isinsxdx =-
0

S8 O 8 O =8

o0
x"" cossxdx — ij x"'sinsxdx =
0

j x" ! cossxdx — ij x" ' sinsxdx =
0 0

o0 o0
J-x“_l cossxdx — iJ- x"'sinsxdx =
0 0

o0 o0
J-x“_l cossxdx — iJ- x"'sinsxdx = -
0 0

Equating Real and imaginary parts, we get

(A5

Sn

(5o

Sn

n-1

X" cossxdx =

S ey 8

n-1

X" sinsxdx =

S ey 8

that



" cos(nﬂj Loy
/ 27 og / 2 2
—j X" cossxdx =.|= -
T T

0

S
w» Sln[nﬂ-j F(n)
\E 2 2
7

j X" sin sxdx ==

q Vs s
5 (cos(nzﬂjjl“(n)
= Fe [x”’1 ] == .
T S
2 (Sm(nzﬂjjr(”’
FS [anl ] A\ n
T S
Putn = — in the above results, we get
1
? T
cos| “— | |T
2] ()

1. . . . .
Therefore — is self reciprocal with respect to Fourier cosine transform.

Jx

—ax

5. Find Fourier sine transform and Fourier cosine transform ofe ®*,a > 0. Hence

< x? < dx
evaluate | —————dx and )
~([(a2+x2)2 ~([(x2+a2)(x2+b2)

Sol:
The Fourier sine transform of the function f (X) is F [f (X)] = \/z J. f (X)sin sxdx .
4 0



ax 2%
Fs [e ] _\/;_([e sin sxdx
NEaE

rs’+a’

The Fourier cosine transform of the function f (x) is F. [f (X)] = \/z .[ f (X)cos sxdx.
4 0
_ax \/7 .[ e~ cos sxdx

s

By parseval’s identityT| F[f (X)]zds = T’ f (X)‘2 dx
0

2
\ﬁs +a’ ds—J'

J- 0
_J'ZS

s’ +a’

—ax

2dx

ds = T’em’dx

—ds_ e 2¥dx
I I

S +a )
200 S2 e—ZaX
;i(sz+a2)2dsz_—2al
2% 52 _e—zaoo _g2a0
;i(sz+a2)2dsz_ —2a }
27 s’ -1
;o(sz+a2)2dsz_—2a}
Tos? T
!(sz+a2)2dsz4_a

Replacesby x, we get

j—dx——

x +a ) 4a

Let f(x)=e®and g(x)=e™

By parseval’s identityT F[f (X)]F:[g(x)Hs = T f (x)g(x)dx



I(s +a’ \/73 +a’ ds_jeiax e

— T (a+b)x
ie. j(s T XS +a) !e > dx
2abJ- ds B i e—(a+b) *

z J(sP+a’)si+a’) [—(a+b)],
2ab T ds ~ [g-(abye _ g-(ash)
AEela) | )
2abT ds [ -1

4 0(32+a2st+a2)__—(a+b)

!s +a Xs +a’) 2ab(a+

Replace s by x, we get

J-(z 2dX2 2) a

) (x> +a*)x*+a) 2ab(a+b)

Sol:

Given f(x) =

b)

0;x<0

e x>0

f_/%\

fX isx dX

fX+ISX dX

ﬁ 7\ 7\ ﬁ\

Rl
el
el
T

1|s
—(1-is)x jw

By Parseval’s theorem T| f (X]zds = ]O|F(S)]2ds

0;x<0
6. Verify Parseval’s theorem of Fourier transform for the function f (x) = {
e

x>0



7(145)00

1 (e g (1-#s)0
Fo) = —(l—is)_—(l—is)]
1 0o 1 j
2z \=(1-is) —(1-is)
L ;j
~ 2z (1-is)
1 1+is
ar @—BXL+BJ
1 (1+is
"0 = et
L. H.S. of (1)
”f(x)‘zdx =je"" dx
zwezxdx
:(_21
=57
1
2
R.H.S. of (1)

1 (1+isj ds
Ior s? +1




T’F(S]zds =2L[tan‘loo—tan‘1(—oo)]
4 Vs
= 2L [tan’1 o + tan ! oo]
Vs
1|:7Z' 72}
=— — 4+ —
2712 2
1 1
273

L.H.Sof(1)=R.H. Sof (1)
Hence Parseval’s theorem verified.

a

7. Solve for f(x)from the integral equationj f(X)cosaxdx=e™*.
0

Sol:

J. f(X)cosaxdx =e™

0
\Ej\ﬁe“ cosax dx = \/ze“
T 0 T T

Inverse Fourier cosine transform is
27 (2 _
f(x) = J—J-J—e “cosax da
T 0 T
2 e

(1.cosax + Xsin ax)}

[e]

N0 3o 8|
I

|1+ x°

- (—1)}

0

1+ x?

!
L1+ x?

2

"2+ x?)




UNIT-3
PARTIAL DIFFERENTIAL EQUATIONS

Problems on Lagrange’s equations

1. Solve p\/;+q\/§ =z

Solution:

This is of the form Pp + Qq =R
Here P=\/§,Q=\/V,R=x/z

Subsidiary equations are
dx _dy _dz
P Q R
dx _dy _dz
NN
Grouping the first two members
ax _ gy
NG
Integrating
dx dx
T o7
L L
I X 2dx = I y 2dy
2Jx =2y +a
2Wx —\y)=a

-y =2

2
Jx =y =¢, (Cl:%j
Lu=Jx =y

|||ly Grouping the another two members



&
Jz

o
e

Integrating
2y =2vz +b
2y -Vz)=b
b
=t

\/y—\/E:CZ (Cz :%j
VI BN
The general solution of (1) is ¢ (u,v) =0
(X7 7 7 ) =0

2. Obtain the general solution of pzx + gzy = xy.
Solution:

Given pzx + qzy = Xy
This is of the form Pp + Qq =R
Here P = zx, Q=zy, R =xy

Subsidiary equations are

d_dy _d
P Q R
dx dy dz
x o7y Xy

Grouping the first two members

o _dy
X 7y

Integrating



dx _rdy
X_Iy

Jogx =/ogy +/oga

JogX = Jog a
y
Z=a-—-—(1)
y
X
Lu==
y

Grouping the another two members

dy _dz
zy Xy
dy _dz
Z X
dy :E ( from (1) x = ay)
z ay
aydy = zdz
Integrating
2 2
a2 .
2 2
ay’ — 2> =2c

ay’ -z =b (b=20c)

Xy -2 =b
Xy —2>=b
N =Xy -7°

The general solution is ¢ (u,v) =0

¢(l , xy—zzj:O
y



3.50lve x (Y2 =22 )p+y(@> -x*)g—-z(xX> =y*)=0
Solution:

Given X (Y =22 )p+y(Z* = x*)g-2(xX* =y’ )=0
This is of the form Pp + Qq =R
Here P=x(y* -2*),Q=y(@Z* -x*),R=2(x - y*)

Subsidiary equations are

Ox _dy _dz
P Q R
dx dy dz

X(Y -27) y@ -x) 2(¢ - y)
Choose the set of multipliers x,y,z

dx dy dz

xdx +ydy+zdz

x(Y -7 y@i-x?) 2(x*-y?)  x(P-2)ry@EP-xP)+z(xP-y?)

xdx +ydy +zdz

xdx+ydy+zdz = 0

Integrating we get

2 2 2
.y, r_.

2 2 2

x> +y>+z°=a(/et 2c=a)

u=xt+y 47

b

N | —

1 1
I consider another set of multipliers — , —

Xy
Each member of (1)

0



dx dy dz
X y z

N y2—22+22—x2+x2—y2
dx  dy dz
X y z
0
(AL by, &

=0
X 'y z

Integrating we get
logx+logy +logz = log b

log(xyz) =logb
xyz =Db

VvV =Xyz

The general solution is ¢ (u,v) =0

p(x+y*+z%xyz)=0

4. Solve (x*-yz) p + (y*-zx) q = z° —xy
Solution:

Given (x?-yz) p + (y*-zx) q = 2> —xy
This is of the form Pp + Qq =R
Here P=x>-yz ,Q=y*-zx ,R=12" - xy

Subsidiary equations are

d_dy dz
P Q R
dx dy dz

NN (1)

xz—yz:yz—zx):z

Each of (1)



B dx-dy _ dy-dz dx-dz

Xz—y2+z(x—y) y2—22+x(y—z) - x2—22+y(x—z)
e Aoy dymm o d(x-2)
(x=y)(x+y+2z) (y-2)(x+y+z) (x-2z)(x+y+z)
o, 4Gy domn | dGon)
X—y y-z X—z

Grouping the members

dix-y) _  dy-2)

(x-y) (y-2)

Integrating we get

log (x-y) = log(y-z) +logc,

log b A logc,
X-y _ ¢
y—z
u= Y
y—z
Choose multipliers x , y , z
Each of (1) = ;‘d"jydf”dz ——————— 5(2)
X +y +z2°-3xyz
Choose another set of multipliers 1,1,1
Eachof(l) = — xdx+ydy+zdz 5 3)

x> +y? 4z —yz—zx—xy



xdx+ydy+zdz xdx+ydy+zdz

X +y’+2° —3xyz - x> +y? 4z —yz-zx-Xy
. xdx+ydy+zdz xdx+ydy+zdz
1e. 2, 2.2 T 2.2 2
X+y+z) (X +y +z2°—-yz—-zX—-XY) X4y +z2°—-yz-zX—-XYy
xdx+ydy+zdz — dx+dy+dz
(x+y+z)

(x+y+2z)d(x+y+z) = xdx+ydy+zdz

Integrating we get

(x+y+2)* _ ﬁ+y—2+i+b
2 2 2 2
(x+y+z)2—(x2+y2+22) ~ b
2
Xy+yz+zx = 2b
Xy+yz+zx = ¢,
V= Xy+yz+zx
Thegeneralsolutioniscl)[ i ,Xy+yz+zx] =0.
5.Solve(mz—ny)p+(nx—1Iz)q = ly—-mx
Solution:
Given (mz—-ny )p+(nx—1lz)q = ly —-mx
This is of the form Pp + Qq =R
Here P=mz—ny, Q=nx -1z, R=1y —mx
The Subsidiary equations are
o _dy_dz
P Q R
dx dy dz
- —— M)
mz—ny nx-1z |ly-mx
Choose a set of multipliers x, y ,z
Each of( 1) _ xdx+ydy+zdz
x (mz-ny)+y(nx—-lz)+z(ly-mx)
xdx+ydy+zdz

0
xdx+ydy+zdz =0

Integrating we get
x 2+ y +z%=a

v=x’+yi+z?



Choose a set of multipliers |, m ,n

Eachof (1) = - I dX+m(_1y+ndZ .
| (mz-ny)+m(nx-lz)+n(ly-mx)
0

| dx+mdy+ndz =0
Integrating we get
| x+my+nz=>b

v=l x+my+nz

The general solution is ¢ (u,v) =0

¢( x2+y2+22,lx+my+nz):0

Equations reducible to standard types:
Type V:
Equations of the form
f(x"p,y"q)=0orf(x"p,y"q,z)=0 - (1)
where m and n are constants
This type of equations can be reduced to Type I or Type III by the following
transformations.
Case (1):
Ifm#1,n#1

Putx' ™M =Xy "=Y

p:%:z.a_X:(l—m)x*mP,whereP=ﬂ
ox 0X 0x oX

ie, x"p=(l-m)P
zﬁ_ﬁ.a_Y:(l—n)y"“Q,whereQ=ﬁ
dy oY oy oY

ie,y'q=(1-n)Q

The equation f(x "p,y" q) = 0 reduces to f((1-m)P,(1 - n)Q) = 0 which is a Type I eqn.

The equation f(x ™, y“q,z): 0 reduces to f ((1-m)P,(1 - n)Q,z) = 0 which is aType Il eqn.
Case (11):

Ifm=1,n=1then(1)=f(xp,yq)=0orf(xp,yq,z)=0



Putlogx=X,logy =Y.

0z o6z oX o0z 1 1 0z
p=—=—+—=—"-—=—P, where P=—
ox o0X ox o0X x X oX
ie, xp="P
I N G20 W PR3
oy oY oy oY y y oY

e,y q=Q
The equation f ( px , qy) = 0 reduces to f ( P, Q) = 0 which Type I eqn.

The equation f ( px , qy , z ) = O reduces to f ( P, Q , z ) = O which Type III eqn.
Type VI :

Equations of the form £ (z*p, z"q)=0o0r f(z*p,y"q,X,y) =0 -oeeeeemev (1)
Where k is constant,

This can be reduced to Type I or Type IV equations by the following
substitutions.

Case (1):

If k+-1

PutZ=z"""

5Z 8Z 62 k
_0L 9L 2 ki1
x o ox ktDzp

P

k+1

Q=% _%Z % _( 41k
dy 0z 0y

ko Q

ST

P

z¥p =

The equation f(z k p, Z k q) = 0 reduces to f(i Q

R = 0 which is a Type I eqn.
k+1 k+l] P 4

Theequationf(zkp,qu,x,y): 0 reduces to f L,&,x,y = 0 which is a Type IV eqn..
k+1 k+1



Case (ii):

If k=-1
f[B,ﬂj=00rf[B,ﬂ,x,yj=o
z z zZ z
put z = logz
0z 02 oz 1
ox 0z 0Ox z
Pop
z
1)= 0z 0Z oz 1
oy 0z 0Oy z
.9 _
o Q
P q)_
The eqnf (—,—j—Oreduces to Type Ieqn.
zZ z
P q _
The eqnf (—,—,x,yj—Oreduces to Type IV eqn.
z z
p:a_zza—z-%:(kﬂ)zkp
ox 0z Ox
P
.k
Lzt p=——
P k+1
Q:a_Z:a_Z.%:(k.yl)qu
dy 0z 0oy
ok Q
.z q=—
d k+1
: k k P Q S
The equation f (z p, Z q): 0 reduces to f| —, = 0 which is a Type I eqn.
k+1 k+1

Theequationf(zkp,qu,x,y): 0 reduces to f L,L,x,y = 0 which is a Type IV eqn..
k+1 k+1



Example:
1. Solve p?+x’y'q

Solution :

Given

I—2P2+Y2q2 _

x'p)t+(yq)i=z

Thisisnfﬂmfnnnf[x m

Herem = -1, n
PutX = x '™
X =x?
2—}5:2)(

_ 0z

P=ox

0z 0X

T oX ox

p=P-2x

pr+x'ye’ =

22

X Z
1222
ZE
S (1)
P,y q,z) = 0 (TypeV)
= 1.
Y = logy
oy _ 1
dy y
_ oz
q 3y
_ 0z oY
oY Oy
1
qQ=Q —
y
yq=Q



(I)Reducesto(ZP)2 +Qr =27

This is of the form f ( P, q, 2 ) = 0 which is Typelll eqn.
Letz = f ( X+ayY ) be a trial Solution.

z=f(u)
u=X+ayY
ou ou
—:19 — = a
aX ay
0z 0z
- 0X Q = oY
_ 0z Ou _ 9z du
ou 0X ou 0Y
0z 0z
P: _— = a9 —
ou Q ou

(2) reduces to

2
(2dzj+(ad
du

SN
N—
[\
Il
N
(3]

d
2
(4+a2)(jjjzzz
(dzjz_ 22
du (4 + a?)
dz z

c
<_
N
+
o
[\9)

o o,
N
ol
o




Integrating

dz _J‘ du
z 4+a’
1

logz = u+c
4+a’
X+aY

logz = +c
4+a’
2

logz _ x“+alogy

=—— +c¢ (-X=xY =log y)
J4+a?

which is the complete int egral

2.Solvez2(p2 +q2) =x? +y?

Solution :
Given zz(p2 +q2 ) =x? +y2

(zp)2+(zq)2=x T (1)
Thisisoftheformf(zkp,qu,x,y) =0 (TypeVI)
Here k =1

Put Z=1z"'""!



P = 2= _ Y2
ox oy
_0Z 0z _0Z 0z

"~ 0z ox "~ 0z oy
P=2zp Q=2z-q
P Q

zp—? zq—T

Eqn ( 1) reduces to P2+Q?% = 4(x2 +y2)

ie,P? —4x? = 4y?- Q?

This is of Standard Type IV fl(x, p) =f, (y,q)

P2 - 4x? = 4c¢c 4y?2 - Q% =4c

P? = 4c + 4x? Q? = 4y?% - 4¢

P=4+4(c+x?) Q = \J4(y*> -¢)

P=2+(c+x?) Q =2+4/(y*-¢)

We know

dZ=a—Z~dx+a—Z~dy

ox oy

dzZ =Pdx + Qdy ep =92 g-%

o0x ox

dZ = 2+J(c+x?) dx + 2-J(y? —¢) dy



jdzzzj,/(c+x2)dx+2 J(y =) dy
o X 20 C i 2w Y [ v2 o) =L cosit X
Z—Z{2 (c+x )+2s1nh «/6+2 (y"—©) 2cosh \/6}+a

-7 =xy (¢ +x?)+c sinh’ % +yy (y2 =) —ccosh_1%+a (Z=7)

Examples:
1.Form the p d e by eliminating the arbitrary
function f
from the relation z = f(x? + y?)
Solution:
Given z = f(x? + y2)-------------- (1)
Differentiating (1) partially w.r.t. xand v,



p=Z=f (x2+y?)2x ——mmv (2)
ox
0z ) 2
q=—=f X" +yH)2y -—---(3)
oy
@) _p_x
3) aq vy
yp -xq=0
S yp —xq=0 is the required partial differential equation.

2.Form the p d e by eliminating the arbitrary functions f and g
from the relation z= f( x +ct) + g (x -ct) .

Solution :

Givenz = f(x+ct) + g (x -Ct) -------- (1)

D ifferentiating (1 )partially with respect to x

0z

—=f'(x+ct)+ g'(x —ct),
0x

A gain differentiating partially with respect to x

0%z
ox?

=f"(x+ct)+g"(x —ct) ——— - — - — — — (2)




D ifferentiating (1 )partially with respect to t

oz
—=cf'(x +it) —cg '(x — it),
oy ( ) g ( )

A gain differentiating partially with respect to t

2
th = c¢2f"(x +it) + clg"(x - it)
0%z
sl o (3)
0%z 0%z
2)+ (3) = =0
(2) + (3) ot
UNIT-1V

Applications of Partial Differential Equations

1. A tightly stretched string with fixed end points x =0 and x =lis initially in a position

given by y(x,0)=y, sin{lﬂj. It is released from rest from this position. Find the

displacement at any time't".

Sol:

One dimensional wave equation

ot? ox?

The conditions are

(i) y(0,t)=0 (i) y(,t)=0 (iii) %(X,O):O

V) Y0 =Y, sin{?]

The correct solution which satisfying the given boundary conditions is

y(X,t) = (C, cos pX + C, sin pX)(C, cos pat + ¢, sin pat) ------------- (1)



Apply the boundary condition (i) in (1)
y(0,t) = c,(c, cos pat +c, sin pat) =0
weget C, =0, then equation (1) becomes
y(X,t) = c, sin pX(c, cos pat + ¢, sin pat) ------------- (2)
Apply the boundary condition (ii) in (2)
y(l,t) = c, sin pl(c, cos pat +c, sin pat) =0
weget sinpl=0 = pl=nz = pznT”

Then equation (2) becomes

.. N nrat . Nhrat
y(x,t)=Czsm|—7zx(c3cosTﬂa+C4sm Taj 3)

Differentiate Partially (3) w.r.to t

g(x,t) =cC, sin% -C, nﬂasin nzat +cC, nza cos nzat
ot I I I I I
Apply the boundary condition (iii) in (4)
¥ (x,0)=c, sin%czt @ _y

ot |
weget ¢, =0 , then equation (3) becomes

nzat
I

. Nax
y(X,t) =c, sin | C, cos

ot where C, =C,C,

By the superposition principle, the most general solution is

. Nax
=C, sml—cos

- . hax nzat
y(x,t) = ZCn sin I cos I %)
n=1

Apply the boundary condition (iv) in (5)



y(x,0) = zcn sinnTﬁX.l =Y, Sin{lﬂj
n=1

= h(3sinﬁ—sin3—ﬂxj
4 | |

. 7X . 27X . 37X . 4nx
:>C1SlnT+CzSIHT+C351H—+C4SIH—+

Yo (3 sin ~_ sin %j
4 [

.. The equation (5) becomes

y(X,t) ——smTcosmft—%m 3%“005@

2. A tightly stretched string of length | has its ends fastened at x=0 andx=1. The
midpoint of the string is then taken to a height h and then released from rest in that

position. Obtain an expression for the displacement of the string at any subsequent
time.

Sol:

One dimensional wave equation is

2 2
OX

The conditions are
(1) y@O,t)=0 (i) ydLt)=0 (111) %(X,O) =0
(iv) y(x,0)=f(x)

A
y

(0.0) (l’oj (1,0)



Consider the interval (0, }4) , the end points are (0,0), (/5 ,h)

Using two point formula for the straight line

Y-y — X=X,

Yi—Y, X; — X,

y—-0 x-0 2hx
L A— :>y:_
0-h 0-Y4 |

Consider the interval (}4,1), the end points are (}5,h), (1,0)

Again by two point formula for the straight line

Y=Y _ X=X

Yi=Y, X=X

:HJ%__? Sy=210-%
%, 0<x<)

s 2I—h(l—x), Vo <x<l

The correct solution which satisfying the given boundary conditions is
y(X,t) = (c, cos px +C, sin px)(C, cos pat +C, sin pat) -------- (1)
Apply the boundary condition (i) in (1)
y(0,t) = c,(c, cos pat +c, sin pat) =0
weget ¢, =0, then equation (1) becomes
y(X,t) = c, sin pX(c, cos pat +c, sin pat) ------- (2)
Apply the boundary condition (i1) in (2)

y(l,t) = c, sin pl(c, cos pat +c, sin pat) =0

weget sin pl=0 = pl=nz = p= nl—ﬂ, then equation (2) becomes

.. N nat . Nhrat
y(X,t)=0251n|—ﬂX(C3COSTﬂa+C4sm Taj ------- (3)

Differentiate Partially (3) w.r. to t



4

oy . Nax nza . nzat nzza  nrat
—(X,t)=c,sin—| —¢, sin +C, cos
ot I

I I
Apply the boundary condition (iii) in (4)

%(X,O) =cC, sinnTﬂXcé‘? =0

We get ¢, =0 then equation (3) becomes

. NnX nzat
y(X,t) =c, sin I C, cos |

nzat
|

By the superposition principle, the most general solution is

where €, =C,C,

. NnX
=C, smTcos

nzat
I

y(Xx,t) = ch sinnTﬁXcos (%)
n=1

Apply the boundary condition (iv) in (5)
2

y(x0) =Y, sin@.lz 2:]
"=l I—(I—x), h<x<lI

0<x<Yy
= f(X)

To find the value of c,, expand f(X)in a half range Fourier sine series
We know that half range Fourier sine series of f(X)is

NzxX

I (7

f(x)= ibn sin
n=1

By comparing (6) and (7), weget b, =c,
To find c, it is enough to find b,

|
b, :Igjf(x)sinnTﬂde
0

% [
:2 2—hxsin#dx+j2Th(l —X)sin#dx

Is | 1



.. n
—COS—— —sin——
_any —(1 |
|2 nr n’r?
I |2
N 7ziX
—COS——
+ (1-x%) L=
nz
I
4h| I? nz |2 . Nr
=— —COS— |+——| sin—
1< | 2n7z 2 n“z
_8h I° 0w
1 n*z? 2
_ 8h N7
n’z? 2
:Cn
.. The equation (5) becomes
S 8h . nz . nax nzat
X,t)=>» ——sin— sin——cos
YOOU = 2 sin T sin g |

. The points of trisection of a string are pulled aside through a distance ‘b’ on

opposite sides of the position of equilibrium and the string is released from rest.

Find an expression for the displacement.

Sol:

2 y a 2 y
One dimensional wave equation is o= a’ v
X
The conditions are
1) y@O,0)=0 (i) yd,t)=0

(iv) y(x,0)=f(x)

(iii)

%y
ot

(x,0)=0



AL3,D)
A (10
Q 0.0
D
B(213,-D)
Equation of OA:
yovi _X=% _ y=0_x=0 . 3bx (0,¢/3)
Yi-¥Y2 X1-X7 0-b 0—(/3 /
Equation of AB:
Y=Y _ X=X y—b :X—€/3:>y:&(g_2x) in (¢/3,2¢/3)
Yi-y2 X-Xx b-(-b) -3 ¢
Equation of BC:
yoy _x7x _ y=0_ x=0 :y:@(x—g) in (24/34,)
Yi-¥Y2 X1=-X2 0-b O—f/3 /
3%" in (0,4/3)
3b

LR =1 2 (0-2x) i (¢/3,2003)

%(x—é) i (20/3.0)

The correct solution which satisfying the given boundary conditions is
y(X,t) = (C, cos pX + C, sin pX)(C, cos pat + ¢, sin pat) -------- (1)
Apply the boundary condition (i) in (1)
y(0,t) = c,(c, cos pat +c, sin pat) =0
weget ¢, =0, then equation (1) becomes
y(X,t) = c, sin px(c, cos pat + ¢, sin pat) ------- (2)
Apply the boundary condition (i1) in (2)

y(l,t) =c, sin pl(c, cos pat +c, sin pat) =0

weget sin pl=0 = pl=nz = p= nl—ﬂ, then equation (2) becomes

. Nax nrat . nhrat
y(x,t):czsml—[%cos I +C, sin | j ------- 3)

Differentiate Partially (3) w.r.to t



Q(x,t)z c, sinn—ﬂx(—c3 n7zasin nzat +cC, nmzacos nﬂatj 4)
ot I | | I I
Apply the boundary condition (iii) in (4)
oy . Nzx _ nma
—(x,0)=c,sin—-c¢¢,——=0
p (x,0) = ¢, C S
We get ¢, =0 then equation (3) becomes
y(X,t) =c, sin n:zx C, cos n7|zat
where €, =C,C,
. NnX nat
=C, smTcos I
By the superposition principle, the most general solution is
y(Xx,t) = ch sin n:zx cos nylzat (%)
n=1
Apply the boundary condition (iv) in (5)
% in (0,¢/3)
< . Nzax 3b .
y(x,0)=>c, smT.l = f(x) = 7(z-zx) in  (¢/3,2¢/3)
n=1
%(x 0 i (24/3.0)
To find the value of ¢, , expand f(X)in a half range Fourier sine series
We know that half range Fourier sine series of f(X)is
f(0=>b, sin$ 7
n=1

By comparing (6) and (7), weget b, =c,

To find c, it is enough to find b,

/
b, =% [ f(x)sinn%dx



18b nmn
b, = sin—(1+(—1)n
"= ()

0 if nisodd

wbp = 36b2 sin®™ if nis even
(nm)

Substitute b, values in equation (5) we get the required solution

S 36b . nm . nnx nmat
sin — sin ——cos
2 3 { Y/

y(x,t) = Z, (nn)

4. A tightly stretched string with fixed end points x=0 and x =1 is initially at rest
in its equilibrium position. If it is set vibrating by giving each point a

velocity kx(I — x) . Find the displacement of the string at any time.

sol:
One dimensional wave equation a&’zz =a’ 2)2(2/
The conditions are

(1) y@oO,t)=0 (i) ydt)y=0 (11) y(x,0)0=0

(iv) Q(X,O) =kx(I = x)
ot

The correct solution which satisfying the given boundary conditions is

y(X,t) = (C, cos pX + C, sin pX)(C, cos pat + ¢, sin pat) -------- (1)
apply the boundary condition (i) in (1)

y(0,t) = c,(c, cos pat +c, sin pat) =0
weget C, =0 then equation (1) becomes

y(X,t) = c, sin px(c, cos pat +c, sin pat) ----------------- (2)

Apply the boundary condition (ii) in (2)

y(l,t) =c, sin pl(c, cos pat +c, sin pat) =0
weget sinpl=0 = pl=nz = p:I—”,

then equation (2) becomes



y(x,t)=c, sinnl—m((c3 cosnTﬂat +C, sin mlzatj (3)
Apply the boundary condition (iii) in (3)
y(x,0) = ¢, sinnTﬂXc3 =0

here ¢, =0

then equation (3) becomes

. nNzX .. Nn
y(X,t) =c, sin I C, sin
‘ where C, =cC,C,
N7a

By the superposition principle, the most general solution is

. Nax .
=C, sin—=sin

yout=>c, sin ”fx sin ”’Izat @)
n=1
Differentiate Partially (4) w.r.to t
Q(x,t)z ch sin n7x cos nzat nza (%)
ot — I I |
Apply the boundary condition (iv) in (5)
%(X,O) =3¢, sin @@ U s T 1 P— (6)
n=1

To find the value of c,, expand f(X)in a half range Fourier sine series

We know that half range Fourier sine series of f(X)is

f(x) = b, sin ”:’X %
n=1
. nza I
By comparing (6) and (7), weget b, =c, T =c,=——-2>0,

N7za



|
b, =%J- f(x)sin%dx
0

|
:%J'kx(l — x)sin#dx
0

) n
2k —COS——— —SIHT COSI—
="|(Ix=x —(I-2x +(=2
I ( nz ( n27z_2 ( I’]372'3
i | 2 I,
B 3 3
:% 0+0-2.—— ! COSﬂ7Z'+O 0+2. ! T 1}
| i n’z? Nz
2k 2I3
Tl
4k| [1_( " ]
0 if nis even
- 2
8K it nis odd
n'rz
c - | b - | 8I2k_8l3k
" nm " nmnz® n*z?
© 3
". The equation (4) becomes  y(X,t) = z 8k n:zxsin nTat
s N

n=1,3,5

4. A rod of length | has its ends A and B kept at 0°cand120°crespectively until

steady state conditions prevail. If the temperature at B is reduced to 0°cand so
while that of A is maintained, find the temperature distribution of the rod.

Sol:

2
One dimensional heat equation Z_Ltj =a’ Z—g ----- (1)
X

.. o o
Steady state equation is Pl = 0 and the steady state solutionis u(x) =ax+b--(2)
X

The boundary conditions are (i) u(0)=0  (ii) u(l) =120
Apply (i) in (2), u(0)=b=0



The equation (2) becomes U(x) = ax -------- 3)

Apply (ii) in (3)

u(h)=al =120
_120
o

=a

The equation (3) becomes u(x) = @

Now consider the unsteady state condition.
The conditions are

i) uO,H=0 (V) ulHh=0 (V) u(x,O):@

The correct solution which satisfying the given boundary conditions is
U(X,t) = (C, cos PX +C, sin pX) ¢,e > Pt eeeemeees (4)
Apply the boundary condition (iii) in (4)
u(0,t)y=c, c,e Pt =0
weget €, =0
then equation (4) becomes U(X,t) = ¢, sin px C3e*azpzt ---------- (5)
Apply the boundary condition (iv) in (5)

. 202
u(l,t)y=c, sin plc,e™® "' =0

. ¥4
weget sin pl=0 = pl=nz = p:I_’

The equation (5) becomes

—a’n?z?

|Zt

. Nax
u(x,t) =c,c, sin Te
where C,C; =C,

—a’n’z?

|zt

. Nax
=C, smTe

By the super position principle, the most general solution is

—a’n’z?
t

u(x,ty=>c, sin?e L — (6)
n=l1

Apply the boundary condition (v) in (6)



ux0 =, sinnT”X.l I p——
n=1

To findc,, expand f(X) in half range sine series

We know that half range Fourier sine series of f(X)is

f(x)= Yb, sin ”:’X ®)

From the equations (7) & (8) weget b, =c,

Now

|
b, :IEJ. f(X)sin?dX
0

21 £120x . nax
_ 2| X i N
1471 |

—COS% —Sln%
240
=7 | X | - 2 2|
| nr T
| |2 .
240 —1?
:T N cosnrwm
240|
:240|( e

.. The required solution is

u(x,t) = Z=—24OI( )™ sin #e ’

n=1

5. The ends A and B of a rod | cm long have their temperatures kept at 30°c and80°c,
until steady state conditions prevail. The temperature of the end B is suddenly reduced

to 60°c and that of A is increased to40°c . Find the temperature distribution in the rod

after time t.

Sol:

2
One dimensional heat equation e =a’ 2—3 ----- (1)
X



2
Steady state equation is 2—2 = 0 and the steady state solutionis u(x)=ax+b--(2)
X

the boundary conditions are (i) u(0)=30 (ii) u(l) =80

Apply (i) in (2), u0)=b=30
Then the equation (2) becomes u(x) =ax+30 3)
Apply (ii) in (3)
u(l)=al +30 =80
50
= a= T
. 50x

Then the equation (3) becomes u(x) = e +30

Now consider the unsteady state condition.
In unsteady state the suitable solution which satisfying the given

boundary conditions is
u(X,t) = (c, cos px +¢, sin px) c,e = " (4)

The boundary conditions are

(iii) u(0,t) =40 (iv) u(l,t)=60 ) u(x,O):u(x):¥+30

Since we have all non zero boundary conditions, we write the temperature
distribution function as u(X,t) =u (X) +u,(x,t) (%)
= u, (X,t) =u(x,t) —u,(x)
To find u (x)
The solution is u,(X) =ax+b (6)

The boundary conditions are u (0) =60, u (l) =40

u, (0) = b = 40,
us(h=al+b=60
= al+40=60
20

-



the equation (6) becomes U (X) = g + 40 (7)

To find u,(X,1t)

Given the boundary conditions are
(Vi) u, (X,t) =u(0,t)—u,(0)=40-40=0
(viu, (L) =u(l,t)—u (1) =60-60=0
(viih) u, (X,0) = u(x,0) —u (x) = 5(|)_x +30 —(g + 40}

In unsteady state, the suitable solution which satisfying the given boundary conditions
is
u(X,t) = (c, cos pX + ¢, sin px) c,e = " (8)
Apply the boundary condition (vi) in (8)
u (0,t)y=c,c,e ™t =0
here ¢, =0
. the equation (8) becomes U, (X,t) =c, sin pxc,e * P (9)
Apply the boundary condition (vii) in (9)
u,(I,t) = c,c, sin ple Pt =0
here

sin pl =0

Nz
=P

—a’n?z?

|2t

. . Nax
.. the equation (9) becomes U, (X,t) =cC, smT XC,e

—a’n’z?
IZ

. NaX t
u, (Xx,t) = c,c, smTe

e where C,C; =C,

|Zt

. Nax
=C, sml—e

By the super position principle, the most general solution is



2022
—-an‘z
t

u(xt=Yc, sin?e § (10)
n=1

Apply the boundary condition (viii) in (10)

%1_30x

U (x,0) = > ¢, sin T—IO: f(x)
n=1

To findc,, expand f(X) in half range sine series
We know that half range Fourier sine series of f(X)is

Nzx

I (1)

f(x)=> b, sin
n=1
From the equations (10) & (11) weget b, =c,

|
b, =|%jf(x)sinnl—ﬂxdx
0

|
:zj(m_x_lo sin "% gx
1101 |

N7zX . N7nX

) 30x —COST 30 —SIHT
=7 -10 T T
I I nz I n°z

| |2

L 0

21 =20l 101 }
=— coshmr ———.1
| nz nrx

-20 n
:v[”Z(—l) ]

=C

n

.. the equation (10) becomes

—a’n?z?

|2

t

U (x,t) = i_n—io[l ; 2(—1)”]sin?e
=1

Then the required temperature distribution function is

—a’n?z?

t

u(x.t) = ¥+40— Z%[l +2(—l)”]sin#e i
n=1



6. A rectangular plate is bounded by the linesx=0,y=0,x=a,y=b, b<a. Its
surfaces are insulated. The temperature along x=0 and y=0 are kept at 0°C and
the others at100°C . Find the steady state temperature at any point of the plate.

Sol:

Two dimensional heat equation is % + 2% =0
Let | be the length of the square plate

Given the boundary conditions are

(i) u(0,y)=0 (ii) u(x,0)=0 (ili) u(a,y)=100
(iv) u(x,b)=100

Assume the temperature distribution as

U(X,y) = U (X, y) +U,(X,Y) (A)
To find u, (X, y)

Consider the boundary conditions

(V) u(0,y)=0 (vi) u(x,0)=0 (vi) u,(x,b)=0
(viil) u,;(a,y)=100

The suitable solution which satisfying the given boundary conditions is
u,(x,y)=(c,e™ +c,e"™)(c, cos py +C, sin py) (D
Apply the boundary condition (v) in (1)
u,(0,y) =(c, +¢,)(c, cos py + ¢, sin py) =0
weget C +C, =0
= C, =—C,
then the equation (2) becomes

u,(x,y)=(c,e™ —ce ™)(c, cos py +c, sin py) )
=c,(e”™ —e ™)(c, cos py + ¢, sin py)
Apply the boundary condition (vi) in (2)
u,(x,0)=c,(e™-e™)c, =0
weget C, =0

then the equation (3) becomes



u(x,y)=c,(e P - eipx)c4 sin py
Apply the boundary condition (vii) in (3)
u,(x,b)y=c,(e™ —-e™)c,sin pb=0

weget sinpb=0 = pb=nzr= p:nTﬂ

then the equation (4) becomes

u(x,y)=c(e® +e °)c, SmnT;zy

=C, Cﬂsinh%sinM
=C, smh—sm 1y
b b
The most general solution is
u,(X,y) = ZC sthsm n;zy
n=1

Apply the boundary condition (viii) in (4)

u@y) =Sk, sinh%sinnTﬂyz 100 = f(y)

n=1
To findc,, expand f(X) in half range sine series

We know that half range Fourier sine series of f(X)is
f(y) = an sin%
n=1

From the equations (5) & (6) we get

n
. nza
sinh ——

b

. Nma
b,=c,sinh— =¢c, =

where ¢, =2c,C,

4

3)

)

(6)



25 . nay
b, =E.([f(y)sdey

b
:EJIOOsinMdy
b b

r b

nzy
200! | €08~

_b Nz

:@ l(—cosnyrjtl)}
b [nz

=200 ]
Nz

0 if nis even

1499 4 his odd
nx

SC, = & if n is odd
Nz sinh Nz

then the equation (6) becomes

400 sinh X sin 7y

Ly =S sin

. nza
=135 Nz sinh ——

To find u,(X,y)
Consider the boundary conditions

(iX) U (0,y)=0 (X)) U,(x,00=0  (xi) uy(ay)=0
(xii) u,(x,b)=100

and the suitable solution in this case is
u,(X,y) = (c, cos pX + C, sin px)(c,e™ +c,e ™) (7)
Apply the boundary condition (ix) in (7)
u,(0,y)=cs(ce™ +ce ™)=0
weget C, =0
then the equation (8) becomes

u,(X,y) =c,sin px(c.e” +c,e™) (8)



Apply the boundary condition (X) in (8)
U, (X,0) = ¢, sin px(c, +¢,) =0
weget C, +C; =0 = Cy =—C,
then the equation (9) becomes
u,(X,y) =c,sin px(c,e™ —c,e™™) ©)
=C,C, sin px(e™ —e™™)

Apply the boundary condition (xi) in (9)

u,(a,y) =c.c, sin pa(e” —e ™)=0
. 14
weget sinpa=0 = pa=nr= p=—o
a

then the equation (10) becomes
nzy nzy
. nax, = ==
u,(X,y)=csC,sin—(e 2 —e ?)
a

... N . Nnx
=C,C,2sinh N i DX where C, = 2C,C,
a a

... n . Nzax
=C, sinh 7 gin M2
a a

The most general solution is

u, ) =Y, sinh%sin% (11)
n=1

Apply the boundary condition (Xii) in (11)

u, (b=, sinh% sin%: 100 = f(x)

n=1
To findc,, expand f(X) in half range sine series

Half range Fourier sine series of f(X)is
F(0 =S, sin > (12)
n=1 a

From the equations (11) & (12) we get



b, :Cnsinh@zcn :bi”

sinh @
a

b, =3j F (x)sin 2% dx
ay a

— 2 [100sin " gx
a

a
~ 200 —C057
Ca|| nm
a 0
ZE[i(—COSnﬂ-FI)}
a|nx
= 2900 ]
0 if nis even
149 i nis odd
Nz
- C, __ 400 if n 1s odd
..Nn
Nz sinh ——
a

then the equation (10) becomes

- 400 n . nNzx
u,(X,y) = Z sinh ﬂysm
naas Nz sinhnz a a

Then the equation (A) becomes

u(x, y) =u,(x y)+u (X, )

o 5n;zsmhn;t b o 5n7z51nhn7z a

> NzX n = n . NzX
Z sinh + z sinh y sin
1,3 1,3






